The authors present a procedure for resource allocation among transit agencies for transit fleet management, specifically focusing on the purchase of new buses and rebuilding of 
study is considered more robust, compact, efficient and suitable for both short term and long range planning. to maintain current performance levels is estimated to exceed one billion dollars annually (FTA 2006a) . The addition of new buses to the existing fleet of any transit agency is a capital intensive process. In the U.S., the federal Government provides a bulk of the capital funds needed to replace the aging transit fleet, with the requirement of a minimum matching support (usually 20%) from non-federal sources.
CE
A bus that completes its service life should ideally be replaced. However, lack of capital funds often prevents states from procuring new buses for their constituent agencies. Several alternatives to bus replacement are available to the transit industry that can be classified under two generic categories: bus rehabilitation and bus remanufacturing (Khasnabis and Naseer 2000) . For the purpose of this paper, the following terms are adapted from the literature (FTA 2006b).
i. Replacement (REPL): Process of retiring an existing vehicle and procuring a completely new vehicle. Vehicles replaced using federal dollars must have completed their service life requirements.
ii. Rehabilitation (REHAB): Process by which an existing vehicle is rebuilt to the original manufacturer's specification, with primary focus on the vehicle interior and mechanical system.
iii. Remanufacturing (REMANF): Process by which the structural integrity of the vehicle is restored to original design standards. This includes remanufacturing the body, the chassis, the drive train, and the vehicle interior and mechanical system. Note: The generic term 'REBUILD' has been used in this paper to mean REHAB and or
REMANF.
A number of studies conducted between 1980 and 2000 explored the economics of replacement of buses versus rebuilding of existing buses. Most of these studies found that up to certain limits, it is cost-effective to rebuild an existing bus thereby extending the life of an existing bus by a few years with a fraction of the procurement cost of a new bus.
While the state DOT's may not have enough capital funds to procure new buses for its constituent agencies, it may be possible for them to allocate capital funds partly for the purchase of new buses, and partly for rebuilding of existing buses, and to distribute the funds among transit agencies in an equitable manner. Considering the statewide transit fleet as a major public investment, the resolution of the question of allocation and distribution of funds for new buses and rebuilding of existing buses would require the development of an asset management strategy. Unfortunately, very little research is reported in the literature on management strategies to allocate scarce resources to meet the fleet requirements by a combination of new and rebuilt buses. The problem addressed in this paper relates to the question of allocation of resources among transit agencies for fleet management purposes.
The problem addressed is typical to a state DOT in the U.S. that supports the fleet management of its constituent transit agencies. Federal support for fleet management programs is also routed through the state. Fleet management programs are designed to ensure that the buses are kept in productive operation for a Minimum Normal Service Life (MNSL), which is defined in the U.S. as the number of years or miles of service that the vehicle must provide before it "qualifies" for federal funds for replacement. Each agency, at any given time, has fleets of varying spans of Remaining Life (RL), where RL is the difference between the MNSL and the age of the vehicle, expressed either as the number of years, or number of miles (kilometers).
The combined fleet size of the transit agencies in Michigan (the state that was used for a case study in this paper) is close to 3,000 buses, with an approximate net worth of $400 million. Every year, buses that complete their MNSL requirement, become eligible for replacement. However, because of budget constraints, only a fraction of these buses are replaced. The MNSL for medium sized buses, the subject of this paper, as prescribed by federal guidelines is 320,000 km (200,000 miles) or 7 years of service. The latter unit i.e. the number of years of service is used as a measure of MNSL and RL in this paper.
LITERATURE REVIEW
A brief literature review on three relevant topics: REBUILD policy options, resource allocation and asset management, and use of optimization in transit is presented below. A more complete review is available in an earlier research report (Khasnabis et al. 2003a ).
Rehabilitation and Remanufacturing Issues
The topic of bus replacement, rehabilitation, and remanufacturing practices and policies drew significant attention in the 1980s, and received renewed research interest in the late 1990s. A 1980 study conducted for the Urban Mass Transportation Administration suggested bus rehabilitation as a supplement to, rather than as a substitute for the purchase of new buses for fleet management purposes (Blazer et al. 1980) . Based upon economic analysis, McLeod concluded that bus rehabilitation, if properly conducted, can be a cost-effective alternative to new bus acquisition, and recommended more funds for local operators for rehabilitation purposes (McLeod 1982) . A number of other studies conducted in the 1982-1985 period essentially concluded that rehabilitation strategies, if properly deployed, can be effective in operating fleet and that higher rehabilitation costs are associated with longer extended lives (Bridgeman et al. 1983 , ATE 1983 , Bridgeman et al. 1984 , and Felicetti 1985 . A recent study addressed the issue of intangible benefits and costs of extended bus longevity and essentially reconfirmed the findings of the studies conducted in the 1980s (Khasnabis et al. 2002) . The authors concluded that rehabilitation and remanufacturing of buses can effectively increase the service lives of existing buses, if properly maintained.
The literature review clearly showed that remanufacturing and rehabilitation of buses, if done properly, can be a cost-effective option. The studies mentioned above stressed the importance of proper preventive maintenance as a primary factor contributing to the success of rehabilitation programs. These studies emphasized that rehabilitation, "if properly done," can be a successful strategy, clearly referring to the quality of maintenance and steps taken by the agency to prevent major breakdowns in machine components or bus body infrastructure. Very few studies have attempted to use optimization techniques to allocate capital funds for the dual purpose of replacement and rebuilding (Khasnabis et al. 2004 ).
Asset Management Issues
The concept of asset management is being used increasingly in the transportation field at various governmental levels. Asset management is defined as a "systematic process of operating, maintaining, and upgrading physical assets cost effectively. It combines engineering and mathematical analyses with sound business practice and economic theory" (AASHTO 1998). Asset management techniques have been used extensively by the private industry; and since the last decade, the government sector has made concerted efforts to use the lessons learnt from the private sector in justifying the use of resources for public projects (FHWA 1999; NCHRP 2002) . Management systems have been applied to pavement, rebuilding of infrastructures, human resources, bridges, traffic, and safety (GASB 1999). In the transportation field, asset management can be considered as the collective grouping of all assets, including the aforementioned items for the purpose of developing long-term operating strategies (McNeil et al. 2000) .
Despite the growing emphasis on asset management strategies, the concept of resource allocation for fleet management purposes has received very little research attention so far (Khasnabis et al. 2004 ). The authors feel that there is a need for applying asset management techniques in transit operation today. This paper endeavors to address this gap in the literature.
Optimization Tools and Solution Approaches in Transit
Mathematical programming has been used for the allocation of limited resources in various engineering and management problems. The problem usually involves the maximization or minimization of an objective function comprising a set of decision variables (Hillier and Liberman 2005; Bierman et al. 1997) . The variables are then subject to various constraints, expressed in the form of inequalities or equalities.
Different optimization techniques exist, such as linear programming (LP), integer programming (IP), nonlinear programming, and dynamic programming (Rau 1996; Wolsey and Nemhauser 1999) that have been used to resolve complex engineering and management problems. This paper is based upon the use of IP technique, typically used for solving optimization problems involving integer variables. Examples in the transportation sector include allocation of funds to highway safety improvements (Melachrinoudis and Kozanidis 2002; Kozanidis and Melachrinoudis 2004) , transit centre location-allocation decisions (Uyeno and Willoughby 1995; Willoughby and Uyeno 2001) and optimal highway pavement rehabilitation planning (Ouyang and Madanat 2004) . Similarly, past research in the non-transportation sector include production planning and scheduling of batch processing plants (Orcun et al. 2001) , optimal design, production, and maintenance planning for multipurpose process plants (Goel at al. 2003) , and optimal production, allocation and distribution within supply chain networks (Tsiakisa and Papageorgiou 2008) .
MODEL DEVELOPMENT
The model presented in this paper is the outgrowth of a research effort initiated by Khasnabis et al. in 2002 (Khasnabis et al. 2002 Khasnabis et al. 2003a; Khasnabis et al. 2003b ). As a part of the USDOT study, they developed a Two-stage linear programmingbased optimization model (termed hereinafter as the Two-stage model), with two submodels, one for each stage to be applied sequentially (Khasnabis et al. 2004 ). 
Two-stage Model

Single-stage Model
In this paper, the authors present the Single-stage optimization model that can be used to allocate resources among the constituent agencies directly for the replacement and/or rebuilding of existing buses annually. This allocation can be conducted for each year over a specific planning horizon. The impetus for this work is the understanding that a Singlestage optimization may give a better solution than the Two-stage optimization, even if the latter reaches optimum solution in both stages. Earlier attempts to develop the framework of a Single-stage model proposed by Khasnabis and Mathew (2006) and Khasnabis et al. (2007) produced better results for a single year when compared to the Two-stage model. Therefore, the Single-stage model presented in this paper is a complete elaboration of the above framework showing the allocation/distribution of resources over a multi year planning horizon. A seven year planning period was chosen in the original study as it conforms to the MNSL of the medium size bus (Khasnabis et al. 2004 ). The same period was continued in this study to ensure compatibility of the results for comparison purposes.
The Single-stage model uses IP for resource allocation and unlike its predecessor, 
Formulation
The proposed model is formulated as a Single-stage optimization problem where the objective is to maximize the total weighted average remaining life (TWARL) expressed as Z n , each year for all the agencies over a planning horizon. The model formulation is as follows:
Subjected to:
where,
The notations and key terms are presented below: The objective function (1) is the sum total of the weighted average remaining life of the fleet of all the constituent agencies for a given year. Expression (2) is a budget constraint and it ensures the total cost of improvement does not exceed the allowable budget for a year plus the surplus, if any, from the previous year. The equation (3) ensures that all the buses that have completed their MNSL requirements will be improved either by REPL or by REBUILD. Expression (4) is a replacement (policy) constraint which makes sure that buses subjected to various rebuilding options (as explained in Equations 7 and 8) must be replaced with new buses in a pre-specified manner.
Expression (5) is a non-negativity constraint, which ensures that the number of buses chosen for improvement is never negative. Equation (6) is a definitional constraint to ensure that the life of the buses is improved by either α, β, γ, and ω years for the remodified bus. Other buses in the system will have no additional years added. The Table 1 . A complete listing of the RL of all agencies is available in the project report (Khasnabis 2003a Table 2 ). The Premium Solver Platform program was used to solve the Single-stage model (PSP 2006; PSP 2007) .
Two-stage Model Results
The summary of the Two-stage model results is shown in Table 3 and is fully explained in the literature (Khasnabis et al. 2004) . Essentially, it is a process of annual allocation of resources among the four improvement options and 93 agencies following the LP model 
Single Stage Model Results
The Single-stage model results are presented in Table 5 for each year. Table 5 Note, in the Single-stage model an automatic 'tracking' of the vehicles that need to be replaced because of the policy constraints is maintained. Subject to the availability of funds, the model would have been able to allocate resources. However, when sufficient fund is not available in a year, constraint (3) cannot be satisfied and hence optimization is not possible (for example year 2006 and 2008) . For the purpose of comparison with the earlier Two-stage model (Khasnabis et al. 2004 ), a manual allocation is attempted only for those years. Note that the Two-stage model also adopted manual allocation during these years.
A demonstration of resource allocation among the competing transit agencies for a typical year (2002) is presented in Table 6 . The numbers of buses to be designated under the four improvement options, namely REPL, REHAB1, REHAB2, and REMANF for the 93 agencies are represented as X 1 , X 2 , X 3 and X 4 respectively in Table 6 . Only a fraction of the assignment is shown in Table 6 for brevity. For instance, the first row of the Table 6 shows that one bus has been assigned to the X 4 category (REMANF) for a RL of four years. The total fleet size of the first agency is three. The other two vehicles of that agency have a remaining life seven years (each), and require no action. Therefore, the cost of this option is 1 x $30,320=$30, 320. The WARL for agency 1 is (1x4 +2x7)/(1+2)=6.0. Similarly, the improvement option assignment and cost implication for a number of sample agencies are shown in the Table 6 . The last row of Table 6 shows the sum totals for REPL, REHAB1, REHAB2, and REMANF are 18, 180, 1, and 36 respectively. The total cost of this option is $5,787,740, which is $1,260 less than the budget of $5,789,000. Table 6 shows the final objective function value (TWARL, i.e. Note that in the Two-stage model, vehicles needing replacement in a given year because of policy constraints or natural aging must be tracked manually. This tracking is automated in the Single-stage model. A manual allocation is needed for both cases as the model cannot produce a feasible solution because of the budget constraint.
A comparative summary of the results of the two models is presented in Table 7 that reaffirms that the Single-stage model resulted in a higher TSWARL value (2895.34 years versus 2874.51 years) requiring lower budgetary commitment. Even though the improvement in the TSWARL-value is only marginal, attained at a nominal savings, the authors feel that the Single-stage model is conceptually more robust, as it accomplishes the allocation of funds among the four improvement options, and among the constituent agencies in one single step. Table 7 The approach presented in this paper can be looked upon as a Two-dimensional model, (improvement options and agencies), where allocation are made annually. The study could be extended to address the multiple year problems into a single framework comprising three dimensions (i.e., improvement options, agencies and years) with the objective of allocating resources among improvement options and agencies over a n-year planning horizon.
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